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A thick Z2 -symmetric domain wall supported by a scalar field with an arbitrary potential V{(j)) in 5D general 
relativity is considered as a candidate brane world. We show that, under the global regularity requirement, such a 
configuration (i) has always an AdS asymptotic far from the brane, (ii) is only possible if V{<f)) has an alternating 
sign and (ii) V{(f)) satisfies a certain fine-tuning type equality. The thin brane limit is well defined and conforms 
to the Randall-Sundrum (RS2) brane world model if the asymptotic value of V{(j)) (related to A, the effective 
cosmological constant) is kept thickness-independent. Universality of such a transition is demonstrated using as an 
example exact solutions for stepwise potentials of different shapes. One more result is that, due to scale invariance 
of the Einstein-scalar equations, any given regular solution creates a one-parameter family of solutions with different 
potentials. In such families, a thin brane limit does not exist while the ratio A/ct^ (ct is the brane tension) is 
thickness-independent and is in general different from its value in the RS2 model. 



1. Introduction 

The brane world concept, suggested in the 80s 1 , is 
broadly discussed nowadays in connection with the re- 
cent developments in superstring/M-theories [2]. Ac- 
cording to this concept, the standard- model particles 
are confined on a hypersurface, called a brane, which is 
embedded in a higher-dimensional space called the bulk. 
Various aspects of brane- world particle physics, gravity 
and cosmology are discussed in the recent review articles 
(|3], see also references therein). 

Most of the studies are restricted to infinitely thin 
branes with delta-like localization of matter. This kind 
of models can, however, be only treated as an approxi- 
mation since any fundamental underlying theory, be it 
quantum gravity or string theory, must contain a funda- 
mental length beyond which a classical space-time de- 
scription is impossible. It is therefore necessary to jus- 
tify the infinitely thin brane approximation as a well- 
defined limit of a smooth structure, a thick brane, ob- 
tainable as a solution to coupled gravitational and mat- 
ter field equations. 

In the context of the Universe evolution as a se- 
quence of phase transitions with spontaneous symmetry 
breaking, a brane can be thought of as a plane topo- 
logical defect. A systematic exposition of the potential 
role of topological defects in our Universe is provided 
by Vilenkin and Shellard 0]. Particular types of de- 
fects: strings 5 , monopoles (H], or domain walls are 
determined by the topological properties of vacuum . 
These properties are well macroscopically described by 
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using a scalar field with a proper symmetry-breaking 
potential as an order parameter. 

So, like many other authors, we try to describe a 
thick brane in the framework of 5D general relativity 
as a domain wall separating two different states of a 
scalar field. We study analytically scalar field struc- 
tures with arbitrary potentials, assuming Z2 symmetry 
with respect to the middle plane of the wall and restrict 
ourselves to Poincare branes, i.e., flat domain walls. 
Most of the existing problems show up quite clearly in 
these comparatively simple systems; moreover, in the 
majority of physical situations, the inner curvature of 
the brane is much smaller than the curvature related to 
brane formation, therefore the main qualitative features 
of Poincare branes should survive in curved branes. 

Our work confirms and generalizes the well-known 
results obtained in a number of specific models [8-13]: in 
the framework of 5D general relativity, a globally regular 
thick brane always has an anti-de Sitter (AdS) asymp- 
totic and is only possible if V{(j)) has an alternating sign. 
Furthermore, if far in the bulk the potential tends to a 
fixed value independent of the brane thickness, then the 
thin brane limit is well defined and conforms to the cel- 
ebrated RS2 brane world model We demonstrate 
this with the aid of the simplest exactly solvable ex- 
ample: a potential consisting of two constant steps [see 
Eq. (|34|) ]. The RS2 limit, with the corresponding (fine- 
tuned) relation between the brane tension a and the 
bulk cosmological constant A, is found to be model- 
independent: it is obtained for arbitrary values of two 
shape factors of the potential (the steps' relative height 
and thickness) which are kept constant in the transition 
to zero thickness. 

However, not all sequences of brane-type solutions 
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reproduce the RS2 thin brane hmit. Our new observa- 
tion is a scale invariance of the Einstein-scalar equations 
describing a thick brane. It puts into correspondence to 
any given solution a one-parameter family of solutions 
with different potentials. In any such family, the ratio 
A/cr^ is fixed (thickness-independent) but a thin brane 
limit is meaningless since it leads to an infinite potential 
in the whole space. 

Quite evidently, to be considered as a model of our 
Universe, a brane like those discussed here must satisfy 
two major requirements: (i) ordinary matter should be 
confined to the brane to account for the fact that extra 
dimensions are not observed, and (ii) Newton's law of 
gravity should be reproduced on the brane in a non- 
relativistic limit. These issues, which have already been 
treated in a number of papers (among others, 0121 El 
I15| ) turn out to be quite nontrivial, and we hope to 
discuss them in the near future. 

2. Field equations and boundary 
conditions 

We consider general relativity in a 5D space-time, where 
we distinguish the usual four coordinates a;'' , /i = 
0,1,2,3 and the fifth coordinate = z, to be used 
for describing the direction across the brane. The 
action is taken in the form S = j\/gLdPx, where 
g = \det{gAB)\, A,B = 0,1,2,3,4 and gAB is the 5D 
metric tensor; the Lagrangian density has the form 



R 



L^^^d^<j>dA^~V{^), (1) 



(i? is the 5D Ricci scalar and k the 5D gravitational 
constant) and leads to the Einstein-scalar equations 



~K^[dA^d''(t>-S^L^], (2) 
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-1/2 



dAig'^^g^^'ds^l)) = -dV/dcj, 



(3) 



where Eq. |j2Jl is a consequence of ((2Jl due to the Bianchi 
identities. 

We seek regular solutions describing a static domain 
wall (thick brane) , possessing Z2 symmetry with respect 
to the hypersurface z = . 

2.1. Domain walls in fiat space-time 

Let us first consider, for comparison, the properties of 
a domain wall in flat 5D space-time with the metric 
dsl = Tjf^^dx^'dx" - dz"^ , ry^^ = diag(l, -1, -1, -1) 
being the 4D Minkowski metric. The field equation © 
for (j) — (j){z) reduces to 



(/)" = V^ = dV/d(t> 



(4) 



where the prime stands for d/dz . As in many similar 
problems (say, for domain boundaries in ferromagnets), 
we assume the boundary conditions 



m = 0, 



(±00) = ±(, 



(5) 



where (poc = const. Then from Q it follows that 
dV/ d(j) = a,t (f) = (f)oo ■ Eq. Q has the first integral 



i(0')' - ^(0) - ^('^00) 



and can be completely integrated: 



(6) 



(7) 



(8) 



(9) 



(10) 



(11) 



2.2. Self-gravitating domain walls 

Consider Eqs. ((21, lO for (j> = (j>{z) and the 5D metric 

dsl = e2^(-)77^,dx^dx'^ - e8^(-)dz2, (12) 

where we have chosen the harmonic coordinate z , such 
that y/gg^'^ = — 1. As a result, the 5D Ricci tensor 
acquires an especially simple form: 

Rl = -Ae-^^{F" -iF'^) (13) 
The Kretschmann scalar JC — RabcdR'^^^^ is 



lo ^2 [V{cf>) - F(0oo)] 
Thus, for the Mexican hat potential 

F(0) = iA(02-Cf 
the solution is written explicitly as 

(f>{z) = (/loo tanh ^^A/20ooZ^ . 
Another example is the periodic potential 

V{<j)) = \(t>l^ cos(7r(/)/0oo), 
for which the solution is 

1 - - arctan e^''^'^^ 



(14) 



For the metric H12I) , /C is a sum of squares of all nonzero 
components Rab'~^^ of the Riemann tensor, therefore 
its finite value is necessary and sufficient for finiteness 
of all algebraic curvature invariants. 

The 5D Einstein equations Q in our case reduce to 



3 



3(-i^" + 4i^' ) = K^(j}- 



(15) 
(16) 
(17) 



where (|17|l is a first integral of the other two equations. 
The scalar field equation Q reads 



„8F 



dV/d(i) 



(18) 



and is also a consequence of H15|) and (|15|l . Eqs. H15|l 
and lfT7|) may be taken as a complete set of equations 
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for F(z) and 0(z) ; it is third-order and requires three 
boundary conditions. 

Now, the Z2 symmetry assumption dictates the 
boundary condition F'{0) = 0. Then, assigning F{0) = 
by a proper choice of the time scale, we arrive at an 
unambiguous value of 0'^: 0'^(O) — 2^(0). So F{z) is 
an even function while (t>{z) is an odd one. A complete 
set of boundary conditions at 2 = 0, compatible with 
Z2 symmetry, is 



F(0) = F'(0) = 0, 0(0) = 0. 



(19) 



Without gravity {F = 0), Eq. (jTHJl reduces to igji. 
However, in the gravitational case, for any fixed func- 
tion V{4>), there is no free parameter in the equations 
and boundary conditions. It means that we now have 
no freedom to require that should tend to a constant 
value at z — > ±00 . Such a requirement is an additional 
constraint on the function V{(j)) , leading to a "fine tun- 
ing" between the brane and bulk parameters jl6j . 

3. Regularity conditions 

Let us analyze the properties of solutions to Eqs. H15() - 
(|18l) far from the brane, requiring a regular asymptotic 
at z ^ 00. 



Regularity of the metric [see dJ] implies \F'\e' 



-4F 



< 



00, or |6'(z)| < 00 where b{z) 



-4F 



The same space- 



time regularity requirement is translated to the scalar 
field SET via the Einstein equations, hence we should 
have everywhere 



|6'(z)|<oo, |T/(0)|<(X3, 5(z)|0'(z)|< 



(20) 



Eq. leads to b"{z) > 0. Since, according to our 
boundary conditions, b'{0) — 0, this means that b{u) is 
an increasing function at z > , inevitably growing to 
infinity at large z at least linearly for any solution with 
(j> ^ const . The growth is precisely asymptotically linear 
due to (I2DJ), b' const > 0, and hence F' « -l/(4z) 
at large z . 

Returning to (|15|l and integrating, we obtain 



3 Jo 



(21) 



For regular solutions 
V{oo) = 0, 



V{z):^ / ^V{z^)dz^= / e«^(^i)y(zi)dzi. (22) 
Jo Jo 

This is the above-mentioned fine-tuning condition in 
terms of the potential V . The integral V{z) is the in- 
variant full potential energy per unit 3-volume in the 
layer from zero to z. Since e^^ = 1/6^ > 0, a nontriv- 
ial potential ¥{(()) must change its sign at least once to 
yield F(oo) = 0. 

It is easy to show that in regular solutions (p' — 
o{\/z). Indeed, as follows from (|20|l . |(/)'| behaves at 



most as 1/z , but in this case Eq. Hlt)|) leads to b" ^ l/z , 
hence (taking into account that b" > 0) we would have 
b' ^ 00 contrary to (|20|) . 

We conclude that e~'*^0' ^ at large z, and 
Eq. (|15|) shows that V tends to a finite negative value. 
If 



b{z) = e 



-4F 



kz 



k — const > 0, 



then 



= A = - 



3, (23) 



(24) 



where A is the effective cosmological constant. 

Consider the scalar field behaviour in more detail. 
Since 0' — o(l/z), it is reasonable to suppose that </> 
tends to a finite value (f)oc ■ Then a small deviation 01 = 
(j) — (poc obeys the linear equation 



„8F 







(25) 



We took into account that V0(0oo) — 0, which follows 
from (|18ll due to (f>' = o(l/z) . Now, one can verify that 
Eq. (|25|) has solutions vanishing as z ^ 00 only in case 
— m} > 0, i.e., when (poo is a minimum of V{(f)), 
and m is then an effective mass of the small linear field 
01. Substituting e*''^ from (|23|l into (|25|l . we obtain at 
large z 



B 



B = 



3m 



' %K^\Y{Poo)\ 8|A|' 

Its solution, vanishing as z — ^ 00 , is 



(26) 



1 



1 



p= - (1 + V1 + 4B 



and, as we need, 0' ^ z^p — o(l/z) since p > 1 . 

We have obtained that the potential T^(0) changes 
its sign at least once and tends to a negative value as 
z — > cxD , where 1^(0) has a minimum: = and 
V^,/, > 0, and the integral V is zero. Such a mini- 
mum can in principle occur at finite z , but a minimum 
for which Viz) = (that is, at which J^' = 0) can take 
place only at z = 00. In other words, one cannot as- 
sert that the minimum of V corresponding to a regular 
asymptotic is a minimum nearest to = 0, but it is the 
nearest at which y = 0. 

This behaviour is not unique: despite 0' = o(l/z), 
one cannot exclude that — s- cx) , though slower than 
Inz (it can be, for instance, 0' ~ l/(zlnz) and ~ 
Inlnz). Then ^(0) tends to the value H24|) as ^ 00. 

In any case, due to oddness of 0(z) , the values 
0(+oo) = — 0(— cx)) 7^ make the domain wall topo- 
logically stable. The postulated Z2 symmetry implies 
that 1^(0) is an even function. Its asymptotic value, 
V(z = ±00) = A/k^ < plays the role of a cosmo- 
logical constant at the bulk asymptotic, and the met- 
ric is asymptotically anti-de Sitter (AdS). The values 
z = ±00 then correspond to an anti-de Sitter horizon. 
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4. Brane tension and the thin brane 
hmit 

Consider the thin brane hmit of regular solutions with 
finite 4>oo , leaving aside the above case of slowly growing 
. We thus have V{(j)) with a minimum at cf) = cjjoo , 
and there holds the "fine tuning" condition V{oo) = 0. 

The action S with the Lagrangian L = Lq + 
may be split into the bulk and brane parts, 



R 



'S'bulk — — 
Sh ranc — 



brane i 

2A 



A 



2^2 



-dA<pd^^ + V{<Poo) 



(27) 
(28) 

(29) 



The brane action may be presented in the form 



'5'bra 



-dA4>d^4> + v{4>)-v{^^) 



„8F 



dz, (30) 



where the quantity a can be regarded as the brane ten- 
sion. It is equal to the total scalar field energy per unit 
3- volume on the brane, in which the potential energy is 
counted from the vacuunm level Voo ■ 

The second Randall-Sundrum (RS2) model of a thin 
brane is based on the splitting lf?fjl : assuming a 
delta-like matter distribution characterized by the ten- 
sion a and using the Israel matching condition for the 
5D metric, they found the fine-tuning condition 



6A = 



(31) 



In our approach, a transition to a thin brane can be 
carried out along a sequence of solutions with different 
potentials but a fixed value of A , which characterizes the 
background properties of 5D space-time and determines 
a length scale I/v'A independent of the brane thickness. 
This corresponds to a brane as a domain wall between 
two vacua with equal and fixed energy densities. 

Then, if the thin brane concept is correct, we should 
expect that, independently of the specific form of the 
potential. 



lim 



K4cr2 



1 

6' 



(32) 



the parameter a characterizing the brane thickness. 

It is hard to prove the consistency of the thin brane 
limit for models with arbitrary potentials. Let us there- 
fore consider the simplest potential admitting an exact 
solution, containing an explicit thickness parameter and 
simulating a variety of shapes of V{(l)) . Namely, intro- 
ducing more convenient variables 



f{z) ^d^iz), 



v{f) ■■= 3A^V(^), 



(33) 



consider the following two-step potential: 

V = v{z) = 



vi — const > 0, 
V2 = const > 0, 
V3 — const < 0, 



< z < c, 
c < z < a, 
z > a. 



(34) 



It enables us to study the possible dependence of the 
solutions on the shape of the potential. The thin brane 
limit is reached when a — > , and in this transition one 
can preserve the character of the potential by keeping 
constant the ratios c/a and Vi/v2- Both vi > and 
V2 > are taken for simplicity, it is quite easy to include 
the possibility ui < or W2 < [but at least one of them 
should be positive to satisfy H22|l ]. 
Eqs. (|15|l — (|17() are rewritten as 



V 

fii 



bb" - b'^ = b^f'^ - b' 

r - h"/b. 

The boundary conditions at z 
b{0) = 1, fe'(O) = 0, 



are 
/(O) 



0. 



(35) 
(36) 

(37) 

For the potential (EH), Eqs. ((23), (ESJ have the following 
solution satisfying H37|) and regular at large z : 

f'{z) = ki = /tJT; 

cosh[k2{z-Z2)], f'{z) = ka] 

z > a : b[z) = \/—V3{z — Z3), f{z) = const, 

(38) 

where fci, k2, Z2, Z3 are integration constants, and the 
proper smoothness of the solution is achieved by match- 
ing the values of 6(z) , b'{z) and /(z) at z — a and 
z = c. This gives: 



z < c : 



c < z < a 




cosh(fcic) 



cosh[fc2(c - Z2)]; 



ko 



fcitanh(fcic) = A;2 tanh[fc2(c — Z2)]; 



cosh[fc2(a — Z2)] 



k2 tanh[fc2(a - ^2)] 




(39) 



The fine-tuning condition (|22|l is satisfied automati- 
cally. The tension a is calculated as follows: 



' 2 
-K a 



dz 



1^3 I 
62(z) 



= k\c + k\{a - c) + 



1 



l^tanh(fcic) 
fci 



V2 



|tanh[fc2(a - za)] - tanh[fc2(c - Z2)]|. (40) 



Quite evidently, this expression essentially depends 
on all parameters of the model. The situation changes 
when we pass to the thin brane limit, a 0, keep- 
ing constant W3 , vi/v2 and c/a. In this case different 
quantities have the following orders of magnitude: 



ki ~ k2 
a - Z2 ^ 



Vi ^ V2 ^ 1/a; 
a~Z3 = 0(1). 
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The matching conditions (|39|l lead to 

C — Z2 



«2; 



V2 ' 



1 



Z3 



V2{a 



(41) 



Substituting aU this to (|40|l . we see that the last three 
terms with hyperbolic tangents vanish as a —^ while 
the remaining ones give 



^K^cr sa 2[vic- 



V2{a - 



(42) 



Recalling that — (8/3) A, we see that the thin-brane 
relation lpTT|l is restored irrespective of the shape factors 
a/c and Vi/v2- This testifies the universality of the thin 
brane limit of thick branes. 

5. Scale invariance 

The Einstein equations H15(l - (|17|l or, equivalently, H35|l. 
(|36(l are invariant under the scaling transformation 



(43) 



Applying this transformation to any particular solution, 
one obtains from it a one-parameter family of solutions 
with different potentials^. One can note that the trans- 
formation (|43|l looks so simply due to our choice of 
the harmonic coordinate z ; with other coordinates, this 
scale invariance would take a less transparent form. 

As functions of a, A ^ V{4>oo) ^ o,^^ while the 
tension a ^ , hence A ~ cr'^ . However, the a- 
independent ratio |A|/(K''cr^) (which is 1/6 in the RS2 
case) is mo del- dependent, in other words, it depends on 
the shape of the potential and is, in general, unequal to 
1/6. 

This important circumstance is not directly related 
to the thin brane limit of the models under study since 
there (see above) the transition is carried out along a se- 
quence of solutions with a fixed value of A , which char- 
acterizes the background vacuum energy density and 
determines a length scale (l/-\/A) independent of the 
brane thickness. 

Consideration of a a -parametrized sequence of solu- 
tions is more appropriate if the brane is treated as the 
principal source of the geometry. The very existence of 
the bulk cosmological constant A is then caused by the 
brane. In this case the thin brane limit is meaningless 
(a ^ implies A ^ oo). At any rate, for a classical 
macroscopic description, the brane thickness should be 
greater than the Planck length. 

Let us give a specific example using the inverse prob- 
lem method: given h{z) (or F{z) )^ one easily finds v{z) 
and f{z) from Eqs. and (|25J). According to 

^Both a from the previous section and a are related to brane 
thickness. However, they parametrize quite different sequences 
of solutions. In the a-sequence the value of A is kept constant 
whereas in the a-sequence we have A ~ . 



one must choose such h{z) that b" > 0, then f{z) 
will be monotonic, leading to a well-defined dependence 
vif), or !/(</>) • 

Consider the function 



b{z) = il + zydy/'. 



(44) 



It satisfies the boundary conditions H37|) and leads to 
the asymptotic H23|l . With H44|l . the equations give 



"("^^' a2(z^+5^) ' /W=a'-ctan(^^j. (45) 

Excluding z , we find that it is a cosine potential: 

v{f) = ~a-^ cos{2f). (46) 

This solution was previously found by Grcmm 8 . The 
limiting value of (j), ipoo = (7r/4)-\/3/K^ , is unambigu- 
ously related to the 5D gravitational constant (fine 
tuning) , while the "thickness parameter" a remains ar- 
bitrary. The constant A is 



K^V 



3 

— V 



(47) 



As was predicted, the relation between A and a is a- 
independent: 



A 



32k4 
'27^ 



The model-dependent numerical factor ^ffy = 0.120... 
is about 30 per cent smaller than the RS2 value 1/6. 

A thin brane limit of this solution for fixed A cannot 
be found since for given A it has no free parameter. A 
more complex family of solutions including the present 
one as a special case was described by Melfo et al. JTj, 
who also asserted that it was a regularized version of 
the RS2 model which could be restored by turning their 
thickness parameter to zero. 

6. Concluding remarks 

We have performed a general study of regular domain 
walls (thick branes) supported by a minimally coupled 
scalar field with an arbitrary potential in 5D general rel- 
ativity. It has been shown that the only kind of asymp- 
totic for such walls is AdS and it is only possible if V{(t)) 
has an alternating sign and satisfies the fine tuning con- 
dition 1)22(1 . We have confirmed that the zero thickness 
limit of such branes is well defined and conforms to the 
RS2 brane world model. This follows from the proper- 
ties of an exact solution for the stepwise potential H34|l 
which contains two free shape factors c/a and vi/v2 
kept constant as the thickness a — > . Other explicit ex- 
amples of such a transition with some special potentials 
y((/)) were studied previously (see ^2 and refer- 
ences therein) with the same result. Although our set of 
stepwise potentials is far from being general, it encom- 
passes quite various shapes of V{(j)) ; moreover, it can 
be extended to any number of steps and, in the limit of 
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small steps, can approximate any continuous potential 
and even many discontinuous ones. The existence of a 
correct thin brane limit can probably be proved for a 
very broad class of scalar field potentials in the same 
manner as one proves the existence of a definite integral 
in the calculus. 

We have also shown that in a regular, asymptoti- 
cally AdS configuration the scalar field <j) not necessar- 
ily tends to a constant value at large z and can very 
slowly [as o(lnz)] but infinitely grow at large z. In 
such models, V{(t)) ^ A = const < as — > oo . 

The present stringent asymptotic conditions for reg- 
ular solutions are not necessary if there are at least two 
branes in the bulk, as is the case in the first Randall- 
Sundrum (RSI) model 17 where the fifth dimension is 
compact and there is no asymptotic at all. The asymp- 
totic conditions can also change if we cancel the Z2 sym- 
metry condition, as is shown, in particular, in Ref. (11) . 
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